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Aeroelastic Divergence of Stiffened Composite
Multicell Wing Structures
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National Cheng-Kung University, Tainan 70101, Taiwan, Republic of China

When the wing is treated as a composite sandwich plate and it is assumed that the wing chordwise section is
rigid, mathematical formulationsfor the stiffened composite multicell wing structures are provided, and associated
governing equations for the aeroelastic divergence are also derived by a direct approach.When the matrix notation
is used, the system of equations is written into an explicit and simple mathematical expression that can then be
solved explicitly by using the technique of Laplace integral transform. In this modeling, the composite wing skins
and stringers (including the spar � anges) are simulated as the faces, whereas the spar webs and ribs are simulated
as the core of the sandwiches. Because the wing cross section must have a streamline shape, unlike the usual
uniform thickness modeling, it is more appropriate to simulate the wings as variable thickness sandwiches where
the thickness is a function of the airfoil. Moreover, as is usual for assumptions for the sandwich plates, the effects
of the transverse shear deformation are also considered. Because several special conditions have been studied
in the literature, we � rst compare our solutions with some existing solutions. To show the generality, several
illustrative examples are given to consider the effects of spars, skins (including the ply orientation and stacking
sequence), stringers, swept angles, aspect ratio, shape of airfoil, and the warping restraints on the divergence
dynamic pressures and the lift loads redistribution.

Introduction

T HE fundamentalwork concerningthe divergenceinstabilityof
swept metallic wings was done about 50 years ago.1 It was

shown that bending de� ections have a destabilizing effect on the
sweptforward wings. Hence, the sweptforward wing aircraft as a
possible option was completely eliminated for a long time, until the
aeroelastic tailoring concept for the composite wing structures was
raised and studied by Krone.2 Following his work, many different
approachesand considerationshave been studied, such as the works
done by Lerner and Markowitz,3 Weisshaar,4 Oyibo,5 Lottati,6 and a
serieswork doneby Librescuand Simovich,7 Librescuand Khdeir,8

Librescu and Thangjitham,9 and Karpouzian and Librescu.10 They
� rst consideredthe warping restraint effects,7¡9 then consideredthe
effects of transverseshear strains.10 All of these results support that
a composite sweptforward wing can be tailored to overcome this
adverse instability phenomenon.

Most of the governing equations provided in the literature are
obtained from Hamilton’s variational principle. Because of the
complexity of the formulation, it is dif� cult to see any physical
indication purely from the complicated mathematical equations.
Hence, it is not easy to extend the formulation to more realistic
wing structures such as stiffened multicell wings that are com-
posed of the skins, stringers, ribs, and spars. In this paper, a di-
rect approach using the equilibrium equations for the composite
sandwich plates proposed by Hwu and Hu11 and Hu and Hwu12

was employed to formulate the problems. The � nal mathemati-
cal formulation turns out to be a rather simple equation and can
be proved to be equivalent to those derived in the literature. Be-
cause of its simplicity, the physical meaning of each equation is
clear and, hence, is easy to be used to consider more complicated
structures such as nonuniform stiffened composite multicell wings
discussed in this paper. Moreover, the important factors, such as
the warping restraint, transverse shear strain, shape of airfoil, as-
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pect ratio, swept angle, � ber orientation, ply stacking sequence,
stringers, and spars, are all included in our formulation without
adding too much complexity. The solving of the aeroelastic diver-
gence is then performedby the equationwritten in an explicitmatrix
form.

Formulation of Composite Sandwich Plates
The primary functionof the wing structureis providingthe lift for

an aircraft, which is governed by the aerodynamicconsideration.In
addition to the aerodynamicpressure, there are other forces resisted
by the wing structuressuch as the weight of the structures, fuels, en-
gines, undercarriage system, and/or possible carried weapons, the
thrust of engines, etc. To sustain these loads, the wing structures
are usually designed as that shown in Fig. 1, which consists of axial
members in stringers,bendingmembers in spars, shear panels in the
cover skin and spar webs, and planar members in ribs. If the cover
skin of the wing is made of the composite laminates, the entire wing
structure may be simulatedby a composite sandwich plate in which
the wing skins and stringers (including the spar � anges) are simu-
lated as the faces, whereas the spar webs and ribs are simulated as
the core of the sandwiches. Because the wing cross section must
have a streamline shape commonly referred to as an airfoil section,
the thicknessof the sandwich will not be a constantbut a functionof
the airfoil. Moreover, as the usual sandwich assumptions, the thick-
ness is not too small to neglect the transverse shear deformation.
Based on these considerations,a mathematical model for the com-
posite sandwich plates proposedby Hwu and Hu11 will be applied in
this paper.For completeness,and for the convenienceof the readers,
we now list the basic equations for the composite sandwich plates.

Displacement Fields

Like the Euler’s beam theory, the classical plate theory is de-
rived based on Kirchhoff’s hypotheses13 that the transverse shear
deformation is negligible. The generalization of the classical plate
theory with respect to the effect of transverse shear deformation is
substantiallydue to Reissner.14 In this theory, the displacement� eld
u; v, and w is assumed to be a linear function of z, where z is the
coordinate in the thickness direction, that is,

u D u0 C z¯x ; v D v0 C z¯y; w D w0 (1)

where u0; v0 , and w0 are the midplanedisplacementsin the x; y, and
z directions, and ¯x and ¯y are the rotation angles with respect to
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Fig. 1 Composite wing structure arrangements.

x and y axes, respectively.Moreover, u0; v0; w0; ¯x , and ¯y are all
functions of x and y only. The rotation angles ¯x and ¯y are related
to the transverse shear strains °x z and °yz by

¯x D °x z ¡ @w

@x
(2a)

¯y D °yz ¡ @w

@y
(2b)

Strain–Displacement Relations

From the displacement � elds assumed in Eq. (1), and the small
strain de� nitions, the strains "x ; "y , and °x y of the sandwich plates
may be expressed in terms of the midplane strains "x0; "y0, and °x y0

and the curvature ·x ; ·y; and ·x y as follows:

"x D "x0 C z·x ; "y D "y0 C z·y; °x y D °x y0 C z·x y (3a)

where

"x0 D @u0

@x
; "y0 D @v0

@y
; °x y0 D @u0

@y
C @v0

@x
(3b)

·x D @¯x

@x
; ·y D @¯y

@y
; ·xy D @¯x

@y
C @¯y

@x
(3c)

Stress–Strain Relations

Because the dimension of the thickness is relatively smaller than
that of the plane direction, it is hoped that the plate problems can be
formulated in terms of the functions varying with respect to x and
y only. Equation (3) shows that the strain � eld can be expressed in
terms of the midplane strains and curvatures,which are functionsof
x and y only. For the stresses, the two-dimensional representatives
are best presented by the stress resultants Nx ; Ny ; Nx y ; Qx ; and Q y

and the bending moments Mx ; My ; and Mx y de� ned as
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where the laminas number n includes all of the lamina on the upper
and lower faces and zk and zk¡1 are de� ned in Fig. 2. For the sand-
wich construction, the in-plane stress resultants Nx ; Ny ; and Nx y

and bending moments Mx ; My ; and Mx y are almost contributed by

Fig. 2 Sign convention of the composite sandwich plates.

the faces, whereas the transverse shear forces Q x and Q y are un-
dertaken by the core. Similar to the classical lamination theory,15

the relation between the stress resultants and midplane strains and
curvatures are
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where h is the thicknessof the core and may be a functionof x; G xz

and G yz are transverse shear moduli in x – z and y–z planes, and
k is the transverse shear correction factor and is selected to be 5

6
for the present paper.16 Ai j ; Bi j , and Di j ; i; j D 1; 2; 6, are, respec-
tively, the extensional, coupling,and bending stiffnesses,which are
related to the location zk and the transformed reduced stiffnesses
NQ i j of each lamina as

Ai j D
nX

k D 1

. NQ i j /k .zk ¡ zk ¡ 1/; Bi j D 1

2

nX

k D 1

. NQ i j /k

¡
z2

k ¡ z2
k ¡ 1

¢

Di j D 1

3

nX

k D 1

. NQ i j /k

¡
z3

k ¡ z3
k ¡ 1

¢
; i; j D 1; 2; 6 (6)

Unlike the classical lamination theory in which Ai j ; Bi j , and Di j are
calculatedbasedon the coordinatewhere z D 0 is the middle surface
of the laminate, here the plane z D 0 is located on the midsurface of
the sandwiches.

Equilibrium Equations

The equilibrium equations expressed in terms of the stress resul-
tants and bending moments are



244 HWU AND TSAI

X
Fx D 0 :

@ Nx

@x
C @ Nx y
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X
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@ x
C

@ Ny
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X
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X
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@y
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X
My D 0 :

@ Mx y

@x
C @My

@y
C m y D Q y (7)

where px ; py; p, and m x and m y are the total distributed loads and
moments applied on the upper and lower surfaces of the sandwich
plates.

Boundary Conditions

When Eqs. (3) and (5) are used, the � ve equilibrium equations
for the composite sandwich plates given in Eq. (7) can be written
in terms of � ve unknowns u0; v0; w0; ¯x , and ¯y . Theoretically, the
solutionscan be foundby solvingthese � ve coupledpartialdifferen-
tial equations with the proper boundary conditions. In applications,
several different boundary conditions may occur. Generally, they
can be classi� ed as geometrical, static, and mixed boundary con-
ditions. Regardless of kind of boundary conditions, they all can be
expressed as

kui .ui ¡ Nu i / D kN i .Ni ¡ NNi /; i D 1; 2; 3; 4; 5 (8)

where ui ; i D 1; 2; 3; 4; 5, include the midplane displacements
un ; u t , and w0 and the rotationangles ¯n and ¯t . Here Ni are the cor-
responding force terms Nn ; Nnt ; Qn ; Mn , and Mnt . The subscripts
n and t represent the directions of the normal and tangent of the
boundary, respectively.The overbar means the prescribed values at
the boundaries. Except for the category of elastic support and re-
straint,generallyeither kui or kN i ; i D 1; 2; 3; 4; 5, are equal to zero.
For the geometrical boundary condition, all kNi D 0, whereas for
the static boundary condition, all kui D 0. As to the mixed boundary
condition, only parts of kui and kNi are equal to zero. In the case
of a rectangular sandwich plate with edges parallel to the x and y
axes, the geometrical, static, or mixed boundary conditions along
y D const can generally be expressed as

Nx y D NNx y ; or u0 D Nu0

Ny D NNy; or v0 D Nv0

Q y D NQ y ; or w0 D Nw0

Mxy D NMx y ; or ¯x D N̄
x

My D NMy ; or ¯y D N̄
y (9)

When the plate is thin, it is usually assumed that the transverse
shear deformation can be neglected, that is, °xz D °yz D 0. Sub-
stituting this assumption into Eq. (2), we obtain ¯x D ¡ w;x and
¯y D ¡ w;y . This means that the rotation angles ¯x and ¯y are de-
pendent on the de� ection w only. By this assumption, the equa-
tions associated with the bending moment equilibrium should be
combined into the vertical force equilibrium,and the boundarycon-
ditions associated with vertical displacements (or forces) and the
rotation angles (or bending moments) should also be modi� ed.

Modeling of Stiffened Composite
Multicell Wing Structures

Becauseof the closely spaced stringersand the transversestiffen-
ing members like wing spars and ribs, in aircraftanalysis it is usually
assumed that the wing chordwise section is rigid.17 Moreover, by
treating wing skins, stringers, and the spar � anges as the sandwich

Fig. 3 Geometry of the composite cantilever swept wings.

faces, and wing spar webs and ribs as the sandwich cores, the stiff-
ened composite multicell wing structuresmay also be modeled as a
composite sandwich plate.

Rigid-Wing Chordwise Section

Consistent with the chordwise-rigid postulation, the midplane
displacement and rotation angles shown in Eq. (1) may be assumed
to be

u0 D 0 (10a)

v0 D v0.y/ (10b)

w0 D w f .y/ ¡ xµ.y/ (10c)

¯x D µ.y/ (10d)

¯y D ¯ f .y/ C x¯r .y/ (10e)

where w f .y/ is the de� ection (positiveupward) measured at the line
of the � exural center, which is now selected as the reference axis
shown in Fig. 3, and µ.y/ is the twist around the � exural axis (posi-
tive nose up). The relationbetween¯x and µ is due to the chordwise-
rigid assumption, which leads to °xz D 0. By use of Eqs. (2a) and
(10c) we can get Eq. (10d). However, in the spanwise direction
the transverse shear deformation cannot be neglected for the thick
plates. Hence, two extra functions, ¯ f and ¯r , are needed for the
representation of ¯y , where ¯ f is the rotation angle measured at
the � exural axis and ¯r is the rate of angle change in the x direc-
tion. By the assumption given in Eq. (10), the midplane strains and
curvatures de� ned in Eqs. (3b) and (3c) become

"x0 D 0 (11a)

"y0 D v0
0 (11b)

°x y0 D 0 (11c)

·x D 0 (11d)

·y D ¯ 0
f C x¯ 0

r (11e)

·x y D µ 0 C ¯r (11f)

Modeling of Wing Skins, Stringers, and Spar Flanges

In wing structure design, most of the bending and axial loads are
resisted by the stringers and spar � anges, whereas the wing skins
resist almost all of the in-plane shear forces. Hence, it is reasonable
to model the wing skins, stringers, and spar � anges as the sandwich
faces. If the stringersand spar � anges are consideredto be the � bers
of a pseudolamina, by the rule of mixture15 the equivalent material
properties of this pseudolamina may be written as

EL D Es .As=A p/ C E f .A f =A p/

vL T D vs .As=A p/ C v f .A f =Ap/; ET D 0; G LT D 0 (12)
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where E; v; G , and A are Young’s modulus, Poisson’s ratio, shear
modulus, and cross-sectional area, respectively. The subscripts
L ; T; s and f denote the longitudinal direction, transverse direc-
tion, stringer, and spar � ange, respectively. A p stands for the cross-
section area of pseudolamina. By adding this pseudolamina to the
laminated composite skin, the face properties may be represented
by Ai j ; Bi j , and Di j shown in Eq. (6). Note that due to the shape of
the airfoil, zk in Eq. (6) is a function of x. If the upper and lower
surfaces of the airfoil are represented by fu.x/ and ft .x/ (Fig. 2),
the stiffness matrices Ai j ; Bi j , and Di j of the wings are related to
those of the corresponding laminated composite � at plate by

Ai j .x/ D AF
i j ; Bi j .x/ D B F

i j C fu.x/Au
i j C fl .x/Al

i j

Di j .x/ D D F
i j C 2 fu.x/Bu

i j C 2 fl .x/B l
i j C f 2

u .x/Au
i j C f 2

l .x/Al
i j

i; j D 1; 2; 6 (13)

where, superscript F denotes the properties associated with the � at
composite plates and superscriptsu and l denote those of the upper
and lower parts of the � at plate.

Because of the assumption given in Eq. (10), it is desirable to re-
duce the two-dimensionalformulationgiven for thecompositesand-
wich plates to an equivalentone-dimensionalformulation.With this
consideration,we like to integrate the stress resultants and bending
moments given in Eq. (5a) with respect to x . Their relations with
the midplane strains and curvatures may then be written as

8
><

>:

QN y

QMy

QMx y

9
>=

>;
D

2

64
QA22

QB22
QB¤

22
QB26

QB22
QD22

QD¤
22

QD26

QB26
QD26

QD¤
26

QD66

3

75

8
>><

>>:

v 0
0

¯ 0
f

¯ 0
r

µ 0 C ¯r

9
>>=

>>;
(14)

where the tilde » denotes integration with respect to x , the super-
script ¤ multiplication by x , and the prime 0 differentiation with
respect to y. For example,

QD22 D
Z ct

¡cl

D22 dx; QD¤
22 D

Z ct

¡cl

D22x dx

QD¤¤
22 D

Z ct

¡cl

D22x2 dx; v 0
0 D dv0

dy
; : : : (15)

The lower and upper limits ¡cl and ct are the locationof leading and
trailing edges, respectively (Fig. 3). The relations for the Nx ; Nx y ,
and Mx arenotshown becausethey playno role in a one-dimensional
representation.

Modeling of Spar Webs and Ribs for Multicell Wings

A multicell wing is made by properarrangementof spars and ribs
(Fig. 1). The main functionof the wing spar webs and ribs is to resist
the transverse shear force. Moreover, the multicellular arrangement
lookslike a sandwichhoneycombcore.Hence, it is suitableto model
them as the sandwich cores. To simplify the analysis and to get the
overall effects, the multicellular arrangement of spar webs and ribs
is modeled by using an equivalent shear modulus that should be
related to the material properties and sizes of the wing spars and
ribs. When uniform transverseshear strain is assumed over the wing
cross section, the equivalent transverse shear modulus G yz may be
estimatedby G yz D ¿yz=°yz , where¿yz is theaveragetransverseshear
stress and may be calculated by dividing the total transverse shear
force QQ y over the wing cross section Aw , that is, ¿yz D QQ y=Aw . The
transverse shear strains can be calculated by

°yz D
¿k

Gk
D

¿k Ak

Gk Ak
D

P
¿k AkP
Gk Ak

D
QQ yP
Gk Ak

; k D 1; : : : ; ns

where,¿k ; G k , and Ak are the shearstress,shearmodulus,andsection
area of the kth spar web and ns is the number of the wing spars. By

this calculation, the equivalent transverse shear modulus G yz may
be estimated as

G yz D
nsX

kD1

G k Ak

¿
Aw (16)

As for the transverse shear modulus G xz that will be contributed
by the wing ribs, no estimation is needed due to the assumption that
°xz D 0. This also means that G xz is assumed to be in� nite under
the construction of wing ribs. By Eq. (2b), the second equation in
Eq. (5b), and Eqs. (10c), (10e), and (16), we now have

QQ y D QA44.¯ f C w0
f / C QA¤

44.¯r ¡ µ 0/ (17)

Equilibrium Equations and Boundary Conditions

Accordingto the postulationgiven in Eq. (10), the basic functions
describingthedeformationof thecompositewing structuresbecome
v0; w f ; µ; ¯ f , and ¯r . The equilibrium equations corresponding to
these basic functions will then be obtained by integrating Eq. (7)
with respect to x . The associated integration and the results are
Z ± X

Fy D 0
²

dx :
d QNy

dy
C Qpy D 0 (18a)

Z ± X
Fz D 0

²
dx :

d QQ y

dy
C Qp D 0 (18b)

Z h± X
Mx D 0

²
¡ x

± X
Fz D 0

²i
dx :

d
¡

QMx y ¡ QQ¤
y

¢

dy

C Qm x ¡ Qp¤ D 0 (18c)

Z ± X
My D 0

²
dx :

d QMy

dy
C Qm y D QQ y (18d)

Z ± X
My D 0

²
x dx : ¡ QMx y C

d QM¤
y

dy
C Qm¤

y D QQ¤
y (18e)

During the integration, the boundary values of Nx y; Q x ; Mx , and
Mx y have been assumed to be zero for the present one-dimensional
modeling[seeEq. (15) for thede� nitionof tilde» andsuperscript¤].
QNy; QQ y ; QMy , and QMx y are relatedto thebasicfunctionsv0; w f ; µ; ¯ f ,

and ¯r by those given in Eqs. (14) and (17). By Eqs. (5a), (5b),
and (11), QQ¤

y and QM ¤
y may also be expressed in terms of the basic

functions as

QQ¤
y D QA¤

44.¯ f C w0
f / C QA¤¤

44.¯r ¡ µ 0/ (19a)

QM¤
y D QB¤

22v
0
0 C QD¤

22¯ 0
f C QD¤¤

22 ¯ 0
r C QD¤

26.µ 0 C ¯r / (19b)

The boundary conditions along y D const can then be expressed
as

QNy D QNN y; or v0 D Nv0

QQ y D QNQ y; or w f D Nw f

QMx y ¡ QQ¤
y D QNM xy ¡ QNQ¤

y; or µ D Nµ

QMy D QNM y; or ¯ f D N̄
f

QM¤
y D QNM¤

y; or ¯r D N̄
r (20)

When the relations given in Eqs. (14), (17) and (19) are used, the
equilibrium equations derived in Eq. (18) can be expressed in terms
of � ve basic unknownfunctionsv0; w f ; µ; ¯ f , and ¯r that constitute
a 10th-order system of � ve ordinary differential equations. This
system of equations can be completely solved with 10 boundary
conditions described in Eq. (20), which consist of � ve boundary
conditions for each edge.
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Absence of Spanwise Loads

If the in-plane spanwise surface loads Qpy can be neglected, the
10th-order system of equations may be reduced to an equivalent
8th-order system of four ordinary differential equations in terms
of four basic unknown functions w f ; µ; ¯ f , and ¯r . With Qpy D 0,
the equilibrium equation in the y direction [Eq. (18a)] leads to
QNy D const. If no in-plane spanwise loads are appliedat the wingtip,

this constant value will then be identical to zero. That is, QNy D 0
along the entire wing. When this result is substituted into the � rst
Eq. (14), v0

0 may be expressed in terms of ¯ 0
f ; ¯ 0

r , and µ 0 C ¯r . Thus,
the relations given in Eqs. (14) and (19b) can be simpli� ed as
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where

MDi j D QDi j ¡ QBi2
QB2 j= QA22; MD¤

i j D QD¤
i j ¡ QB¤

i2
QB2 j= QA22

MD¤¤
i j D QD¤¤

i j ¡ QB¤
i2

QB2 j

¯
QA22; i; j D 2; 6 (22)

When the simpli� ed relations derived in Eq. (21) are used to-
gether with Eqs. (17) and (19a), the remaining four equilibrium
equations (18b–18e) then constitute an eighth-ordersystem of four
ordinarydifferentialequations in terms of four basic unknown func-
tions, w f ; µ; ¯ f , and ¯r . Without considering the � rst condition of
Eq. (20), the corresponding boundary conditions listed in Eq. (20)
also reduce to four conditions for each edge.

Therefore, for a composite wing structure with the spanwise
loads, as well as the distributed moments neglected, that is,
Qpy D QNN y D 0 and Qm x D Qm y D Qm¤

y D 0, the equilibriumequations and
boundary conditions given in Eqs. (18) and (20) can be reduced to

d QQ y

dy
D ¡ Qp;

d
¡ QMx y ¡ QQ¤

y

¢
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d QMy

dy
D QQ y; ¡ QMxy C

d QM¤
y
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y (23)

and at y D 0 (wing root)

w f D µ D ¯ f D ¯r D 0 (24a)

whereas at y D l (wing tip)

QQ y D QMxy ¡ QQ¤
y D QMy D QM ¤

y D 0 (24b)

Warping Restraint Effects

The importanceof the warpingrestrainteffectshasbeendiscussed
in Refs. 7–10. Because of its importance, the warping restraint ef-
fects will not be neglected in this paper.This effect has been consid-
ered when we include¯ 0

r in theexpressionof "y [secondofEqs. (3a)]
in which ·y is given in Eq. (11e). In other words, the free warping
assumption can easily be done by letting ¯ 0

r D 0 in Eqs. (14), (19b),
and all of the following related equations.

Governing Equations

To solve the problem established by the equilibrium equations
(23) and the boundary conditions (24), we � rst express all of the
functions in terms of four basic unknown functions, w f ; µ; ¯ f ,
and ¯r . From Eqs. (17), (19a) and (21), the relations between
( QQ y; QMy ; QMx y; QQ¤
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y ) and (w f ; µ; ¯ f ; ¯r ) canbewritten in matrix

notation as

F D K0 D C K1 D
0 (25a)

where

F D

8
>>>>>>><

>>>>>>>:

QQ y

QMy

QMx y

QQ¤
y

QM¤
y

9
>>>>>>>=

>>>>>>>;

; D D

8
>>><

>>>:

w f

µ

¯ f

¯r

9
>>>=

>>>;
; K0 D

2

66666664

0 0 QA44
QA¤

44

0 0 0 MD26

0 0 0 MD66

0 0 QA¤
44

QA¤¤
44

0 0 0 MD¤
26

3

77777775

K1 D

2

66666664

QA44 ¡ QA¤
44 0 0

0 MD26
MD22

MD¤
22

0 MD66
MD26

MD¤
26

QA¤
44 ¡ QA¤¤

44 0 0

0 MD¤
26

MD¤
22

MD¤¤
22

3

77777775

(25b)

The system of equations (23) with boundary conditions given in
Eqs. (24) can then be solved by using the technique of Laplace
integral transform. This technique transforms Eq. (23) to a linear
algebraic system of equations as

s OQQ y ¡ QQ y .0/ C OQp D 0

s
¡ OQM x y ¡ OQQ¤

y

¢
¡ QMx y.0/ C QQ¤

y.0/ ¡ OQp¤ D 0

s OQM y ¡ QMy.0/ ¡ OQQ y D 0; ¡ OQM x y C s OQM ¤
y ¡ QM¤

y .0/ ¡ OQQ¤
y D 0

(26a)

or in matrix notation as

SF̂.s/ D JF.0/ C P.s/ (26b)

where

S D

2

664

s 0 0 0 0

0 0 s ¡s 0

¡1 s 0 0 0

0 0 ¡1 ¡1 s

3

775 ; J D

2

664

1 0 0 0 0

0 0 1 ¡1 0

0 1 0 0 0

0 0 0 0 1

3

775

P.s/ D

8
>>><

>>>:

¡ OQp.s/

OQp¤ .s/

0

0

9
>>>=

>>>;
(26c)

The caret ˆ denotes the Laplace transform, for example, OQQ y.s/ D
Lf QQ y.y/g. By useofEq. (25a), we haveF.0/ D K0 D .0/ C K1 D

0.0/.
The boundary condition (24a) means that D .0/ D 0. Hence,
F.0/ D K1 D

0.0/.The LaplacetransformofEq. (25a)plus thebound-
ary condition D .0/ D 0 leads to OF.s/ D .K0 C sK1/ OD .s/. Substitut-
ing these results into Eq. (26b), we get the governing equations
for the composite wing structures in the transformed domain of
w f ; µ; ¯ f , and ¯r , as

S.K0 C sK1/ OD .s/ D JK1 D
0.0/ C P.s/ (27)

and the boundary conditions remaining to be satis� ed are those
given in Eq. (24b). When the matrix notation and the relation given
in Eq. (25a) are used, Eq. (24b) can be rewritten as

JF.l/ D J[K0 D .l/ C K1 D
0.l/] D 0 (28)

Aeroelastic Divergence
To studytheaeroelasticdivergencephenomena,theappliedforces

Qp and ¡ Qp¤ are considered as the lift and the aerodynamic nose-up
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torsional moment (per unit length), respectively. In this paper, we
will use the aerodynamic strip theory18¡20 to approximate the lift
and the moment. In this approximation, one employs the known
results for two-dimensional � ow (in� nite span airfoil) to calculate
the aerodynamic forces on a lifting surface of � nite span. Although
this approximation may not be good for low aspect ratio wings,
it is generally accepted for a preliminary study. By replacing the
expressions for the lift and torsional moment with more accurate
ones, and following the same steps described earlier, one may get
updated results for the aeroelastic divergence problems. With this
understanding,we now express Qp.y/ and ¡ Qp¤.y/ for the static case
considered as5

Qp.y/ D aqncµeff.y/

¡ Qp¤
.y/ D aqnceµeff.y/ C qnc2Cm;ac (29a)

where

µeff.y/ D µ0 C µ.y/ ¡ w0
f .y/ tan 3 (29b)

where a is the lift curve slope coef� cient, qn the dynamic pressure
componentnormal to the leading edge, c the wing chord length, and
e the distance between the lines of aerodynamic and � exural cen-
ters, both of which are considered to be constant in this paper. Also
µ0 is the angle of attack corresponding to the rigid-wing assump-
tion, 3 the angle of sweep (positive for sweptback and negative for
sweptforward), and Cm ;ac the pitchingmoment coef� cient about the
aerodynamiccenter,which will be constantwith respect to the angle
of attack. The related equations for qn and a are

qn D
1

2
½0V 2

n D q cos2 3; a D
dCL

dµ
D a0

AR

AR C 4 cos 3

(29c)

where ½0 is the density of the air� ow, Vn is the air� ow veloc-
ity component normal to the leading edge, q is the dynamic
pressure, CL is the lift coef� cient, a0 is the corresponding two-
dimensional lift-curve slope, AR is the wing aspect ratio de� ned as
AR ´ .2l/2=S D 2l=c, where 2l is the wingspan measured as the dis-
tance between the two wingtips, and S .D2cl in the case that c is
independentof y) is the total area of the wing in the planform (x – y
plane) view.

Taking the Laplace transform of Eq. (29a) and using the matrix
notation de� ned in the third equation in Eq. (26c), we get

P.s/ D .1=s/P0 C C OD .s/ (30a)

where

P0 D ¡qnc

8
>><

>>:

aµ0

aeµ0 C cCm ;ac

0

0

9
>>=

>>;

C D aqnc

2

664

s tan 3 ¡1 0 0

se tan 3 ¡e 0 0

0 0 0 0

0 0 0 0

3

775 (30b)

Substituting Eq. (30a) into Eq. (27), we get

OD .s/ D OKs .s/[JK1 D
0.0/ C .1=s/P0] (31a)

where

OKs.s/ D [S.K0 C sK1/ ¡ C ]¡1 (31b)

In Eq. (31b), OKs.s/ is a four by four matrix, and its inversion can
be manipulated with the assist of symbolic computational software

such as Mathematica or MATLAB® .21 Implementing the inverse
Laplace transform for Eq. (31a), we get

D .y/ D Ks .y/JK1 D
0.0/ C

" Z y

0

Ks.y/ dy

#
P0 (32)

whereKs.y/ is the inverseLaplacetransformof OKs.s/. The unknown
vector D 0.0/ can then be determined by substituting Eq. (32) into
the boundary condition (28), which leads to

J[K0Ks.l/JK1 C K1K0
s .l/JK1] D

0.0/

D ¡J

»
K0

µ Z l

0

Ks .y/ dy

¶
C K1Ks.l/

¼
P0 (33)

Equation (33) can address the problems of the static subcriti-
cal aeroelastic response and also that of the divergence instability.
For the former problem, in the subcritical � ight speed range, D 0.0/
can be uniquely determined from the nonhomogeneous equation
(33). The four basic functions D .y/ D .w f ; µ; ¯ f ; ¯r ) are then de-
termined by Eq. (32). The resultant forces and bending moments
F.y/ D . QQ y; QMy ; QMxy ; QQ¤

y;
QM ¤

y ) can also be found by the relation
given in Eq. (25). On the other hand, when the � ight speed reaches
a certain value, the determinant of the coef� cient matrix of D 0.0/
in Eq. (33) may become zero, that is,

kJ[K0Ks.l/JK1 C K1K0
s.l/JK1]k D 0 (34)

which will lead to the results that D 0.0/ is in� nite. In other words,
under a certain condition the de� ection of the wing structures may
become in� nite, which is the situationof aeroelasticdivergencedis-
cussed in this paper.The lowestvalueofq for which the determinant
vanishes corresponds to the critical (divergence) dynamic pressure
qd , and its associated velocity Vd is called divergence speed. The
determination of divergence speed from the vanishing of the deter-
minant shown in Eq. (34) can also be explained by the use of the
eigenvalue concept. That is, for a homogeneous equation (33) (its
right-hand side is taken to be zero), nontrivial solutions D 0.0/ ex-
ist only when Eq. (34) is ful� lled. Under this condition, nonunique
values of de� ections exist, which is the condition of instability.The
variation of the determinant with respect to the � ow speed can be
seen from the following relations: Vn is related to qn throughthe � rst
equation in Eq. (29c) and qn will in� uence the determinant through
C [Eq. (30b)], which in turn is related to OKs .s/ through Eq. (31b).

Numerical Results and Discussions
Knowing that the matrices J and S given in Eq. (26c) have noth-

ing to do with the physical properties of the wing structures, from
Eq. (34) and relation (31b) we see that the divergence speed will be
in� uenced by K0; K1 , and C . By use of Eq. (25b), it is observed that
K0 and K1 contain informationof bendingstiffness MDi j and shearing
stiffness QA44. From Eqs. (6), (12), (13), (15), and (22), we know that
MDi j will be in� uenced by the propertiesof the compositewing skin,

stringers, spar � anges, and the shape of airfoil. From Eqs. (5b) and
(16), we see that QA44 will be in� uenced by the properties of the spar
webs and the shape of airfoil.The matrix C de� ned in Eq. (30b) con-
tains information related to the aerodynamiccharacteristicssuch as
c; e; a; 3, and qn de� ned in the paragraph between Eqs. (29) and
(30). In the following examples, all of these factors will be studied
numerically to see their in� uence on the divergence speed.

From Eq. (29b), it can be seen that the bendingdeformation tends
to reduce the effective angle of attack for sweptbackwings (3 > 0),
whereas in the case of sweptforward wings (3 < 0), the opposite
effect is valid. In other words, the bending de� ections have a desta-
bilizing effect on the sweptforward wings. That is why most of
the recent studies devote their efforts to the aeroelastic tailoring of
composite aircraft sweptforward wings. For this reason, most of the
examples shown in this paper consider the sweptforward wings un-
less stated otherwise.
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Because some special conditions of the present problems have
been considered in the literature, before illustrating the general re-
sults we like to make some comparisonswith the existingnumerical
solutions to verify our formulation.

Comparison with the Existing Numerical Solutions

Although the thickness of the wing structure is generally not
very thin, most of the study on aeroelastic divergenceproblems did
not consider the effect of transverse shear strain. Karpouzian and
Librescu10 included the transverse shear strain effect in their com-
prehensive model for an anisotropic composite aircraft wing and
stated its importance on the aeroelasticdivergenceproblems. How-
ever, only a � at rectangular isotropic wing model was used in their
illustrating examples. Hence, the comparison can only be done on
this special case. Moreover, the correspondingcases with the trans-
verse shear strain neglected are also calculated to compare with
other existing results.4;7 The mechanical properties of the isotropic
materials used for this comparison example are E D 4:69 GPa,
G D 1:88 GPa, and º D 0:25. The plate thickness h D 10 cm. The
wing chord length c D 1 m, and the aerodynamic data are a0 D 2¼
rad¡1 , Cm ;ac D 0:0; e=c = 0:1, and µ0 D 5 deg. The results with the
transverse shear strain neglected are shown in Fig. 4 for the diver-
gence dynamic pressure vs aspect ratio, whereas those considering
the effect of transverse shear strain are presented in Table 1 for the
subcriticalstatic aeroelasticresponse.Both Fig. 4 and Table 1 show
that our resultsagreewell with the existingnumericalsolutions.The
results presented in Table 1 also show that the values of [µeff=µ0]y D l

correspondingto the nonshearablewing model, that is, E=G yz D 0,
underestimate the static response by a large amount as compared to
the shearable wing model, as represented by E=G yz D 40; 60, and
100 considered in this paper.

Table 1 Subcritical static aeroelastic response for uniform isotropic
swept-wing model with transverse shear strain included

[µeff=µ0]y D l

Karpouzian Present
Case E=Gyz and Librescu10 solution

AR D 6; 3 D ¡20 deg 0 4.45 4.35
q D 52,401 Pa (WR)a 60 5.35 5.23

100 6.05 5.98
AR D 6; 3 D ¡40 deg 0 8.6 8.53

q D 39,440 Pa (WR) 60 10.9 10.82
AR D 8; 3 D ¡60 deg 40 5.3 5.42

q D 14,811 Pa (WR)
AR D 6; 3 D ¡40 deg 60 11.4 11.37

q D 39,440 Pa (FR)b

aWarping restraint (WR) effect is considered.
bFree warping (FW) condition is assumed.

Fig. 4 Divergence dynamic pressure vs aspect ratio for uniform
isotropic swept-wing model with transverse shear strain neglected, K =
¡ 20 deg.

After verifying our results by using the � at rectangular isotropic
wing model, in the following numerical illustrations we will
consider a composite wing structure with the NACA 2412 air-
foil. From the data given in Table 2 (Ref. 22) (with the ori-
gin located at the midchord line), this airfoil is simulated
by a ninth-order polynomial. Its associated aerodynamic data
are a0 D 5:73 rad¡1; Cm;ac D ¡0:04; e=c D 0:257, and µ0 D 5 deg.
The wing chordwise length c D 1 m. The wing skin is made
of graphite/epoxy � ber-reinforced composite whose mechanical
properties are E11 D 200 GPa, E22 D 5 GPa, v12 D 0:25; G12 D 2:5
GPa, and ply thickness t D 0:25 mm. Three different arrangements
for the composite wing skin will be considered: 1) [90/ ¡45/45/0]
for upper skin and [0/45/ ¡45/90] for lower skin, 2) [90/45/¡45/0]
for upper skin and [0/ ¡45/45/90] for lower skin, and 3) [Á f /20] for
upper and lower skins. Two wing spars made of isotropic materi-
als with shear modulus G D 8 GPa and thickness 6 mm are located
at §0:25c from the midchord line in most of the examples unless
stated otherwise (Fig. 5).

Table 2 NACA 2412 airfoil22

x=c .1=c/ fu .x=c/ .1=c/ fl .x=c/

¡0:5 0.0 0.0
¡0:4875 0.0215 ¡0:0165
¡0:475 0.0299 ¡0:0227
¡0:45 0.0413 ¡0:0301
¡0:425 0.0496 ¡0:0346
¡0:4 0.0563 ¡0:0375
¡0:35 0.0661 ¡0:041
¡0:3 0.0726 ¡0:0423
¡0:25 0.0767 ¡0:0422
¡0:2 0.0788 ¡0:0412
¡0:1 0.078 ¡0:038

0 0.0724 ¡0:0334
0.1 0.0636 ¡0:0276
0.2 0.0518 ¡0:0214
0.3 0.0375 ¡0:015
0.4 0.0208 ¡0:0082
0.45 0.0114 ¡0:0048
0.5 0.0 ¡0:0

Fig. 5 Example of composite multicell wing structures.
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Table 3 The effects of transverse shear deformation on the slope of bending de� ection and the angle of attack, AR = 8

µeff µ w0
fSpan position

y=l w/o TSa w/TSb w/o TSa w/TSb w/o TSa w/TSb

q D 12; 420 Pa, 3 D ¡30 deg
0.2 1:96 £ 10¡1 2:14 £ 10¡1 4:87 £ 10¡3 9:21 £ 10¡3 1:79 £ 10¡1 2:03 £ 10¡1

0.6 3:05 £ 10¡1 3:39 £ 10¡1 1:46 £ 10¡2 2:46 £ 10¡2 3:52 £ 10¡1 3:93 £ 10¡1

1.0 3:24 £ 10¡1 3:59 £ 10¡1 1:92 £ 10¡2 3:02 £ 10¡2 3:77 £ 10¡1 4:19 £ 10¡1

q D 12,420 Pa, 3 D 30 deg
0.2 6:88 £ 10¡2 6:87 £ 10¡2 ¡3:83 £ 10¡4 ¡2:85 £ 10¡5 3:13 £ 10¡2 3.21£ 10¡2

0.6 5:21 £ 10¡2 5:24 £ 10¡2 ¡1:19 £ 10¡3 ¡4:79 £ 10¡4 5:89 £ 10¡2 5:96 £ 10¡2

1.0 4:94 £ 10¡2 5:01 £ 10¡2 ¡1:63 £ 10¡3 ¡6:67 £ 10¡4 6:28 £ 10¡2 6:32 £ 10¡2

q D 4,140 Pa, 3 D ¡60 deg
0.2 1:03 £ 10¡1 1:03 £ 10¡1 1:52 £ 10¡4 3:02 £ 10¡4 8:83 £ 10¡3 9:04 £ 10¡3

0.6 1:17 £ 10¡1 1:18 £ 10¡1 4:44 £ 10¡4 7:60 £ 10¡4 1:71 £ 10¡2 1:73 £ 10¡2

1.0 1:19 £ 10¡1 1:20 £ 10¡1 5:50 £ 10¡4 9:22 £ 10¡4 1:83 £ 10¡2 1:84 £ 10¡2

q D 4,140 Pa, 3 D 60 deg
0.2 7:81 £ 10¡2 7:80 £ 10¡2 2:64 £ 10¡5 1:04 £ 10¡4 5:30 £ 10¡3 5:41 £ 10¡3

0.6 6:98 £ 10¡2 6:99 £ 10¡2 6:63 £ 10¡5 2:24 £ 10¡4 1:01 £ 10¡2 1:02 £ 10¡2

1.0 6:86 £ 10¡2 6:88 £ 10¡2 7:83 £ 10¡5 2:63 £ 10¡4 1:08 £ 10¡2 1:08 £ 10¡2

aG yz D 1 with transverse shear deformation neglected (w/o TS). bG yz D 84 MPa with transverse shear effect included (w/TS).

Fig. 6 Effects of equivalent transverse shear modulus on the diver-
gence dynamic pressure.

Effects of Spar Webs

Through the modeling given in Eq. (16), we know that consid-
eration of the spar web effects is equivalent to the transverse shear
strain effects. The importance of the transverse shear strain effects
has been revealedby the numerical illustrationprovided in the work
of Karpouzian and Librescu10 for the case of uniform rectangular
isotropic wing. In this paper, the composite wing with arrangement
1 given earlier is considered. Figure 6 shows the effects of equiva-
lent transverse shear modulus on the divergence dynamic pressure.
From this result we see that the larger the transverse shear modulus
is the higher the divergence dynamic pressure, which is reasonable
and to be expected. Moreover, this effect is more pronounced when
the sweptforward angle is smaller and/or the aspect ratio is smaller.
Consider AR D 6; 3 D ¡30 deg, and q D 30 kPa, Fig. 7 shows the
effectsof equivalenttransverseshearmoduluson the angleof attack,
from which we see that the larger the transverse shear modulus is
the closer to the cases that the transverseshear strains are neglected.
This is also reasonable because the neglect of the transverse shear
strain means that its corresponding modulus is assumed to be in� -
nite. Similar results can also be obtained for the other aspect ratios,
sweptforward angles, and dynamic pressure.23

Table 3 shows that transverse shear deformability yields an in-
crease of the slope of bending de� ection w0

f and, as a result [ob-
served from Eq. (29b)], exacerbates not only the wash-in effect for
sweptforwardwings (3 < 0) but also the wash-out effect for swept-
back wings (3 > 0). This interestingeffect was also observed in the

Fig. 7 Effects of equivalent transverse shear modulus on the distribu-
tion of the angle of attack, AR = 6, K = ¡ 30 deg, and q = 30 kPa.

case of aircraftwings modeledas thin-walledbeams.24 The effective
angle of attack µeff for the sweptforward wings increases due to the
increasesof µ and w0

f if the effect of transverseshear deformation is
considered. However, for the sweptback wings, the effective angle
of attack may not decrease even w0

f increases with transverse shear
deformability included because µ may not necessarily decrease.

Effects of Skin Stiffness

To study the effects of skin stiffness,we may vary the mechanical
properties of the composite, the � ber orientation, or the ply stack-
ing sequence. With aspect ratio AR D 6, Fig. 8 shows the results
for arrangement 3 of unidirectional composite skin. From Fig. 8,
we see that there is a range, for example, 90 · Á f · 130 deg for
3 D ¡30 deg, where the divergencedynamic pressure is very large
and cannot be shown. This also means that when the � ber is ori-
ented in this range there will be no divergenceproblems.Moreover,
the stabilityrange is narrower for larger sweptforwardangles.These
phenomenaare similar to thosediscussedby Weisshaar4 for the case
of � at wings without considering the transverse shear deformation.

For the effects of ply stacking sequence, a series of numerical
results23 are obtained for the arrangements 1 and 2 (the plies of
§45 deg have been increased three times to magnify the effects of
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Fig. 8 Effects of � ber orientation on the divergence dynamicpressure.

Fig. 9 Effects of stringers and spar � anges on the divergence dynamic
pressure.

stackingsequence). All of these results show that the divergencedy-
namic pressure of arrangement 1 is larger than that of arrangement
2, which is consistent with the results for the effects of � ber orien-
tation. That is, the � ber orientation Á f D ¡45 deg (or, for example,
Á f D 135 deg) is better than Á f D 45 deg for the consideration of
aeroelasticdivergence.The arrangementof better orientationon the
outer part of the laminates will provide better bending stiffness.
Therefore, arrangement 1 with Á f D ¡45 deg located on the outer
ply will be better than arrangement2 with Á f D ¡45 deg locatedon
the inner ply.

In addition to the cases of composite laminates, several other
kinds of materials such as aluminium and titanium are also used to
study the effects of skin stiffness.23 All of these results show that the
larger the stiffness is, the higher the divergence dynamic pressure,
which is reasonable and to be expected.

Effects of Stringers and Spar Flanges

From the modeling given in Eq. (12), we know that the main con-
tribution of the stringers and spar � anges is resisting the bending
and axial loads, which should reasonably increase the ability of re-
sisting the aeroelasticdivergence.Hence, our curiosity turns to how
much will they increase the divergence dynamic pressure. Figure 9
shows the divergencedynamicpressurewith orwithout the stringers
(including the spar � anges) will have some discrepancy, such as
26.9% difference (qd D 212 kPa without stringers and qd D 269
kPa with stringers) for AR D 4; 3 D ¡15 deg, and 48.7% difference
(qd D 15:4 kPa without stringers and qd D 22:9 kPa with stringers)
for AR D 8; 3 D ¡60 deg. Here, composite arrangement 1 is used,
and Es D E f D 69 GPa, vs D v f D 0:33; As D 7 cm2; A f D 1:4 cm2,
and Ap D 150 cm2 . Without stringers and spar � anges, the bend-
ing stiffness MD22 D 326 kPa ¢ m4 , whereas MD22 D 497 kPa ¢ m4 with
stringers and spar � anges included. That is, with the inclusion of

stringers and spar � anges, the bending stiffness in y direction is
increased by 52%, and its associated increase in the divergence dy-
namic pressure is generally lower than 52%. From Fig. 8, we see
that the lowest difference (about 1%) occurs in the case of 3 D 0
deg.

Effects of Swept Angle, Aspect Ratio, and Shape of Airfoil

It is well known that bending de� ections have a destabiliz-
ing/stabilizing effect on the sweptforward/back wings and, hence,
the divergence speed will be decreased/increased. It is also known
that the larger the aspect ratio is the more � exible the wing and,
hence, the lower the divergence speed. All of the related numeri-
cal examples for the composite wings discussed in this paper show
this tendency.20 To save space, we will not list these results. For
the approximation of airfoil shape, Fig. 10 and Table 4 show that
4.7% error of approximation will lead to 35% error of divergence
speed. If the error of approximation is restricted to within 0.4%,
the corresponding error for the divergence speed will be under 1%
(Ref. 23).

Warping Restraint Effects

The warping restraint effects have been discussed in Refs. 7–10.
Similar work has also been done for the present composite wing
model, as shown in Fig. 11. In addition to this, most of the results
shown in the work of Tsai23 reveal that considerationof the warping
restraint effects will increase the divergence dynamic pressure, al-
though some of them may lower the divergence dynamic pressure,
which is consistent with the conclusion given in Refs. 7–10.

Fig. 10 Effects of airfoil shape on the divergence dynamic pressure,
NACA 2412, c = 1 m.

Fig. 11 Effects of warping restraint on the divergence dynamic pres-
sure, qFW

d divergence dynamic pressure of free warping model, qWR
d

divergence dynamic pressure with warping restraint effects included;
laminate 1, [90/¡ 453 /453 /0] for upper skin and [0/453 /¡ 453 /90] for
lower skin, and laminate 2, [90/453 /¡ 453 /0] for upper skin and
[0/¡ 453 /453/90] for lower skin.
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Table 4 Effects of airfoil shape on divergence
dynamic pressure

Ninth-order Third-order
3, deg polynomial polynomial Error, %

AR D 6, qd Pa
¡15 60,526 81,617 34.85
¡30 40,073 54,134 35.10
¡45 34,881 47,161 35.21
¡60 38,214 51,695 35.28

AR D 8, qd Pa
¡15 24,972 33,762 35.20
¡30 16,074 21,752 35.32
¡45 13,937 18,870 35.40
¡60 15,397 20,851 35.42

Conclusions
By direct integration with respect to x for the equilibrium equa-

tions and boundaryconditionsof the compositesandwichplates,ex-
plicit and relatively simple mathematical expressions for the aeroe-
lastic divergence of stiffened composite multicell wing structures
have been derived. In the present model, several factors are con-
sidered in one uni� ed formulation such as the effects of composite
skins, spars, stringers, swept angles, aspect ratio, shape of airfoil,
and warping restraints. In the literature, because of the mathemat-
ical complexity, most of the effects are treated separately. More-
over, their � nal expressionsare usually symbolic and not explicitly
written. In addition, in the present model we provide a very simple
way to model the stringers, spars, and ribs of multicell wing struc-
tures. Although this modeling, such as Eqs. (12) and (16), looks
simple and familiar, to the authors’knowledge it has not been raised
previously.Perhaps because of the lack of this simple modeling and
the complexity of the inclusion of airfoil shapes, in the literature no
examples of multicell wing structureswith airfoil shapes have been
discussedfor the aeroelasticdivergenceproblems.To show that our
model is simple, general, and correct, several examples including
all of these factors are presented.

A comparison example for � at rectangular isotropic wings has
been done, and our results agree well with the existing numeri-
cal solutions. In addition, to show the generality of our solutions,
a composite wing with NACA 2412 airfoil is illustrated. The ef-
fects of spars, skins (including the ply orientation and stacking
sequence), stringers, swept angles, aspect ratio, shape of airfoil,
and the warping restraints on the divergencedynamic pressures and
the lift loads redistribution are all studied. The results show that
these effects preserve the same trend as those of the � at composite
wing structure assumptions except that their values will be in� u-
enced by the shape of airfoil. Moreover, the addition of stringers
and spars will increase the divergence dynamic pressure and lower
the effective angle of attack by an amount lower than the stiffness
increment.
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